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Non-equilibrium thermodynamics:
Steady states (e.g. superstatistics), maximum caliber models

Complexity and information:
Information entropy, Bayesian inference

Computational Statistical Mechanics:
Monte Carlo Simulation in generalized ensembles
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The main idea: correlation between subsystems

Environment
B

P(E4|EB, S)

@ Complex systems cannot be reduced to independent parts: correlations!
@ Correlations are more important than interactions?

@ What is temperature in non-equilibrium states?

@ Connection between correlations and temperature fluctuations

@ Invariant quantities upon the choice of target and environment

Sergio Davis (CCHEN, UNAB) Correlations and their connection with temperature IWoSP 2023, Antofagasta



A composite system in canonical equilibrium

Neglecting the interaction energy, we have

Ha(Ta,Tp) = Ha(Ta) +Hp(I) + Hi T3g)

Environment P(FA' rB|'B) = =P ( - gj;f:z.l;()rA/ FB))
B _exp (—BHA(T4)) exp (— BHp(TE))
ZA(ﬁ) ZB(,B)
= P(TalB) P(T|B)

Canonical = uncorrelated therefore correlated —> non-canonical

Correlations between target and environment imply
non-canonical ensembles: temperature fluctuations
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Steady-state ensembles out of equilibrium

— BH S(E—"H(T
parp) - 22D pae) - 220
canonical ensemble microcanonical ensemble

We will generalize these cases to a steady-state ensemble of the form

[ B(rls) = p(#(r):$) |

where p(s; S) is the ensemble function with parameters S.

In general, the subsystems are not statistically independent,
P(Ty,Tp|S) = p(Ha(Ta) + Hp(Tp);S) # P(TalS) P(Tp|S). (1)

@ The ensemble can introduce correlations even without interactions
@ These correlations may even be long-ranged (e.g. fixed global property)
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Composite systems in general steady states

The distribution of the target is obtained by “integrating out” the environment,
P(FA|S) :/drB P(FA, rB|S) :/dFB p(’HA(rA) +HB(FB); S) = PA (HA(rA); S)
It is a steady state but, in general, different in shape from the original:

pa(Ea;S) = /dEB Op(Ep)o(Ea + Eg; S)

The ensemble function p4 for the target will depend on the
details of the environment through its density of states.

The distribution of E4 and joint distribution of (E4, Eg) are given by

P(E4|S) = <5(EA —HA)>S = pa(Ea;S)Qa(Ea)

P(Ea,EBlS) = <5(EA —Ha)é(Ep — HB)>S = p(Ea + Ep;S)Qa(Ea)Qp(Ep)
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The microcanonical inverse temperature

For an isolated composite system we have

pa(Ex;E) = [ dEg Op(Es) [NE _QJEé)_ EB)] - QBg@)EA)

If the environment is large, that is, E4 < E, we can approximate
anB(E - EA) ~ h‘IQB(E) — aE anB(E)EA

Op(E—Ea) _ Qg(E)
o~ o o (k)

= pa(E4lE) =

‘ Ba(E) := %an(E) (microcanonical inverse temperature)

B (E) = kBiT 1= 9S(E) and S(E) = ks In Q(E)

oE

L This is an intrinsic observable: ()(«) only depends on the shape of H ]
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The fundamental inverse temperature

On the other hand, for any ensemble P(T'|S) = p(#(T);S) we can define*

‘ Br(E;S) := —a% Inp(E;S) } (fundamental inverse temperature)

This observable is not intrinsic: depends on the shape of the ensemble

p(E; Bo) = (W < Br(E;Bo) = Po

@ Canonical ensemble is equivalent to constant ¢

@ Any ensemble other than canonical will have temperature fluctuations

exp (— A(E — Eo)?)
1a(Eo)

PlE.B0) = 7o [1+ (g = DoE]

p(E,’A, Eo) = — ‘BF(E,'A, Eo) = ZA(E — Eo)

< Br(Eq,Bo) = Hwﬁ_ol)ﬁog

*S. Davis and G. Gutiérrez, Phys. A 533, 122031 (2019).
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Equivalence of temperatures in steady states

Fundamental and microcanonical temperatures have the same expectation,
(s = (Be)s = (Ba)s |

so it makes sense to take Bs as the value of the inverse temperature in S.

Naturally, Bs will agree with standard thermodynamics for
the canonical and microcanonical ensembles.

Proof: The conjugate variables theorem™ for the energy distribution
P(E[S) = p(E; S)Q(E)
is the following identity

<g(g>s _ <“’aaE 1nP(E|S)>S = (w[pr—pal ), (2)

valid for any differentiable w(E).

Using w(E) = 1 we see that 0 = (Br); — (Ba); M
*S. Davis, G. Gutiérrez. Phys. Rev. E 86, 051136 (2012).
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Marginalization property of the inverse temperature

Now recall the marginalization procedure to obtain p4 from p:

oa(E4;S) = /dEB Op(Es)o(Ea + Eg; S) 3)
If we define the fundamental inverse temperature of the target as
0
br(E;S) := *flnPA(EA}S) (4)
A

then one goes from Br to br simply by taking expectation given E 4:

‘ br(Ex;S) = <IBF>EA,S J

We will call this the marginalization property of Br.

Remark: A canonical composite system has Br(s; o) = Bo SO we have
br(Ea; Bo) = (Bo)g, g, = Po

hence every subsystem of a canonical system must be canonical.
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Proof of the marginalization property

| br(EwS) = (r),s | (MP)
The conditional distribution of Eg given E4 in S is
P(E4, Eg|S Ejp+Eg;S Qp(E
P(Eg|Es,S) (Ea EglS) _ p(Ea + Ep; S)OatEa)Qp(Ep)

P(EAlS) pa(Ea; S)OaER)

and from it we can construct its fluctuation-dissipation theorem*,
0 ow 0
E<W>EA,S = <aEA>EA,S + <‘U aEAlnP(EB|EA,S)>

- <§§\>EA,S+ <w[bF7‘BF}>EA,S

which is an identity for any function w(E,4, Eg) differentiable on E 4.

EA,S

Choosing w(E4, Eg) = 1 we immediately prove our result, as we have
0:<bF_ﬁF>EA’5:bF(EA;S>_<ﬁF>EA,S |

*S. Davis, G. Gutiérrez. AIP Conf. Proc. 1757, 020002 (2016).
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Steady-state ensembles have a kind of equilibrium?

| br(ExS) = (r)p,s | (MP)

Taking expectation under S on both sides of (MP) we see that

(b)s = ((BEde,s)g = (Be)s = Bs: (5)

In other words, s is invariant with respect to the choice of subsystem.

Environment
B
5=
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A new invariance in steady-state ensembles

Let us write the fluctuation-dissipation theorem for Eg given E4 under S,

%<w>5"5 - <§£}4>EA,S * <w [bF - ﬁF} >EA/S

and now use the choice w(E4, Eg) = Br(Ea + Eg; S). We obtain

%@Fﬁms =bf'(Ea;S) = (Br')p, s T br(Ea;S)* — (BF* VE, S

— bF(EA}S) - bF (EA/'S) = </3F >EA,S - <:BF/>EA,S
= (0F%)s = (B')s = (Be)s — (B )s
where in the last line we have taken (e); on both sides.

Using Bs = (Br)s = (br) and substracting (Bs)? from both sides we get

((8bp)?)s — (bF')s = ((6BE)*)g — (BF')s (6)
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A new invariance in steady-state ensembles

Therefore we can define a new, invariant quantity*

[ U= <(5ﬁp)z>s = (ﬁp’>s ] (inverse temperature covariance)

Environment
B

- 1 Uy =Up = Upp

As the canonical ensemble has constant ¢, we must have Uganon = 0.

*S. Davis. Phys. A 608, 128249 (2022).
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The inverse temperature covariance

The conjugate variables theorem for P(E|S),

(%) = (wlpr-sa]),

reveals different expressions for U = ((6pr)*)s — (Br')-

w(E) = pr(E):
(Be')s = (Br?)s — (BrBa)s  therefore [ U = (0BréPa)s ]

w(E) = Ba(E):
(Ba')s = (Bar)s — (Ba®)s  therefore U = ((680)*)s + (Bn')s

Both Bs and U can, in principle, be “measured” for a system
if we know the density of states of one of its subsystems
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The inverse temperature covariance

Another valid expression for U/ is [ U = (6badBa), ]

[ This means U # 0 signals correlation between subsystems ]

p(Ea + Eg;S)Qp(Ep)
pa(E;S)

Proof: For the conditional distribution P(Eg|E4, S) =

we construct its conjugate variables theorem,

<§;B>EA,5 = (wlps — Bal), (7)

Using w(E4, Eg) = 1 we have 0 :MEF<BQ>EA,S and it follows that
bF(EA; S) = <BQ>EA,S
< bp(E; S)ba(Ea; S) = (baBa)g, s
— (brba)s—(Bs)* = (baBa)s—(Bs)* M
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Case study: Superstatistics (Beck & Cohen, 2003)
Superstatistics is a steady-state theory with 5 a “random variable” such that

y&xp (= pHI))

P(T, ) = P(IS)P(TIB) = P(BIS) “F 8
p(E:S) = [ dBF(B)exp(~E) with f(B) =

Br(E;S) = <IB>E,S

I
I
I
i Superstatistics

| .
Supercanonical
Models
I

:B /< ) ,BF (E S <IBZ>ES
U= (p?)s20 |

U =0 < canonical Var(fr) > Var(fa) V' Var(8r) < Var(8a)

S. Davis. Phys. A 589, 126665 (2022).
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Case study: Superstatistics (Beck & Cohen, 2003)

For a composite system, superstatistics looks like

| DA Tals) = [ 4B P(BISIPTA Talf) |

P(T4IS) = [dTy [~ dBP(IS)P(Ta,Tulp) = [ dBP(BIS) [ dTsP(Ta,Tslp)

=P(TA|B)

The target distribution involves the same P(B|S) as the composite system,

| Pls) = [ apPEISPTALE) }

choice of subsystem, so clearly Bs and U/ (its mean and variance) are.

In superstatistics, the whole distribution P(B|S) is invariant upon the ]
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Thank you!

As a summary:
@ Steady-state ensembles have a well-defined temperature: Br(E; S)
@ For a subsystem, by is directly related to Sr of the entire system
@ There are (at least) two invariant quantities in steady-state ensembles:
Bs = (Br)s
U= ((0r)*)s — (Br')s
@ Correlations between subsystems are related to U/ (fluctuations of Br)

@ Superstatistics fits nicely, but there is a whole space of models outside it
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